Abstract Heronian mean (HM) is a useful aggregation operator which can deal with the interrelations of the aggregated arguments, and the neutrosophic uncertain linguistic set is a good tool to express the incomplete, indeterminate, and inconsistent information. In this paper, we combine the HM and the neutrosophic uncertain linguistic set and propose some HM operators based on neutrosophic uncertain linguistic numbers. Firstly, we introduce some definition and properties of uncertain linguistic numbers, the single-valued neutrosophic set, and some HM operators including the generalized weighted Heronian mean operator, the improved generalized weighted Heronian mean operator, and the improved generalized geometric weighted Heronian mean operator. Then, we propose the singlevalued neutrosophic uncertain linguistic set by combining the uncertain linguistic numbers and the single-valued neutrosophic set. Further, the neutrosophic uncertain linguistic number improved generalized weighted Heronian mean operator and the neutrosophic uncertain linguistic number improved generalized geometric weighted Heronian mean operator are developed, and the properties of them are analyzed. Furthermore, we develop the decisionmaking methods for multi-attribute group decision making problems with neutrosophic uncertain linguistic information and give the detailed decision steps. At last, an illustrate example is given to show the process and the effectiveness of the decision-making method.
Introduction
There are a lot of multi-attribute group decision making (MAGDM) problems in many fields such as politics, economy, military, and culture. The attribute values in the decision-making problems are usually incomplete, indeterminate, and inconsistent due to the complexity and fuzziness of the real world. Zadeh [1] firstly proposed the fuzzy set (FS) theory which has a membership function. Based on fuzzy set theory, Atanassov [2, 3] proposed the intuitionistic fuzzy set (IFS) which added a non-membership function. The intuitionistic fuzzy set is composed of the membership (or called truth-membership) T A (x) and non-membership (or called falsity-membership) F A (x) and satisfies the conditions T A (x), F A (x) 2 [0, 1] and 0 B T A (x) ? F A (x) B 1. However, IFSs can merely deal with incomplete information, but cannot do anything for the indeterminate information and inconsistent information. The indeterminacy (or called Hesitation degree) is 1 -T A (x) -F A (x) which is only given by default and cannot be solely expressed in IFSs. With respect to this situation, Smarandache [4] developed the neutrosophic set (NS) which consists of the truth-membership T A (x), falsitymembership F A (x), and indeterminacy-membership I A (x), and the three variables are independent completely. NS is a generalization of FS and IFS. Now there are many research achievements about NSs. Wang et al. [5] further proposed a single-valued neutrosophic set (SVNS) which is a special instance of the neutrosophic set by changing the conditions to that T A (x), I A (x), F A (x) 2 [0, 1] and 0 B T A (x) ? I A (x) ? F A (x) B 3; Ye [6] proved that the cosine similarity degree is a special case of the correlation coefficient in SVNS; Wang et al. [7] proposed the definition of the interval neutrosophic sets (INSs) by extending the elements of SVNS to interval numbers and discussed some properties of INSs. Ye [8] defined the similarity measures between INSs on the basis of the Hamming and Euclidean distances and proposed a method for MADM problems.
In real problems, sometimes we can use linguistic terms such as 'good' and 'bad' to describe the state or performance of a car and cannot use some numbers to express some qualitative information. However, when we use the linguistic variables to express the qualitative information, it only means the membership degree associated with a linguistic term is 1, and the non-membership cannot be expressed. In order to overcome this shortcoming, Wang and Li [9] proposed the concept of intuitionistic linguistic set by combining the linguistic variables and intuitionistic fuzzy set. For the above-mentioned example, we can give an evaluation value 'good' for the state of the car; however, for this evaluation, we have the certainty degree of 80 % and negation degree of 10 %, and then, we can use the intuitionistic linguistic set to express the evaluation result. Furthermore, Wang and Li [9] proposed the Hamming distance between intuitionistic linguistic variables and ranked the alternatives by TOPSIS method.
The information aggregation operators which are widely applied in multi-attribute group decision making problems are the meaningful research scopes [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Heronian mean (HM) is a useful aggregation operator which is marked by catching the interrelations of the aggregated arguments. Beliakov [10] had firstly proved that Heronian mean was an aggregation operator. On the basis of this, Sykora [11, 12] further extended to the generalized Heronian means and discussed two special cases of them. Yu and Wu [13] proposed a generalized interval-valued intuitionistic fuzzy Heronian mean (GIIFHM) and a generalized interval-valued intuitionistic fuzzy weighted Heronian mean (GIIFWHM) which extended Heronian mean from dealing with crisp numbers to intuitionistic fuzzy numbers, and some desirable properties and special cases of these operators were discussed. Yu [14] proposed some HM aggregation operators for intuitionistic fuzzy set, including the IFGHM operator and the IFGWHM operator, and the properties of these operators were studied.
As mentioned above, the interactions among the attribute values are common in the real decision-making problems. Because Heronian mean operator can cope with the interactions among the attribute values, the neutrosophic set can be better to express the incomplete, indeterminate, and inconsistent information. However, there is no research on the HM operator under neutrosophic uncertain linguistic environment. Hence, in this paper, we will extend the HM operator to the neutrosophic uncertain linguistic set, propose some Heronian mean operators based on neutrosophic uncertain linguistic numbers, including the neutrosophic uncertain linguistic number improved generalized weighted Heronian mean (NUL-NIGWHM) operator and the neutrosophic uncertain linguistic number improved generalized geometric weighted Heronian mean (NULNIGGWHM) operator, and then apply them to multi-attribute group decision making problems.
To achieve this purpose, the rest of this paper is organized as follows. In Sect. 2, we introduce the definition of uncertain linguistic numbers, the single-valued neutrosophic set, and some operators based on Heronian mean (HM) operator including the improved generalized weighted Heronian mean (IGWHM) operator and the generalized geometric Heronian mean (GGHM) operator. In Sect. 3, on the basis of uncertain linguistic numbers and the single-valued neutrosophic set, we develop the single-valued neutrosophic uncertain linguistic set and operational rules of it. Section 4 proposes some Heronian mean operators for the single neutrosophic uncertain linguistic numbers, such as the neutrosophic uncertain linguistic number improved generalized weighted Heronian mean (NULNIGWHM) operator and a neutrosophic uncertain linguistic number improved generalized geometric weighted Heronian mean (NULNIGGWHM) operator, and introduces some properties and special cases of them. In Sect. 5, we propose the decision-making methods based on the NULNIGWHM and NUL-NIGGWHM operators. Section 6 shows a numerical example according to our approach. Section 7 summarizes the main conclusion of this paper.
Preliminaries

The uncertain linguistic numbers
The linguistic set is regarded as a good tool to express the qualitative information, and we can express the linguistic set by S = (s 0 , s 1 ,…, s l-1 ), and s h (h = 1, 2,…, l -1) can be called a linguistic number, and l is an odd value which can be the values of 3, 5, 7, 9, etc. For example, when l = 9, S = (s 0 , s 1 , s 2 , s 3 , s 4 , s 5 , s 6 , s 7 , s 8 ) = (extremely poor, very poor, poor, slightly poor, fair, slightly good, good, very good, extremely good).
Let s i and s j be two linguistic numbers in linguistic set S, and they meet the following characteristics [22, 23] 2. There exists negative operator: neg(s i ) = s j , where
The continuous linguistic set S ¼ fs a ja 2 R þ g, which can overcome the weakness of the loss of information in the process of calculations, is the extension of original discrete linguistic set S = (s 0 , s 1 ,…, s l-1 ), and S ¼ fs a ja 2 R þ g meets the strictly monotonically increasing condition [22, 24] . Some operational rules are defined as follows [22, 23] : 
The single-valued neutrosophic set (SVNS)
Definition 2 [5] Let X be a universe of discourse, with a generic element in X denoted by x. A single-valued neutrosophic set A in X is
where T A (x), I A (x), and F A (x) are the truth-membership, indeterminacy-membership, and falsity-membership, separately. For each point x in X, we have that
Some operators based on Heronian mean (HM) operator
Heronian mean (HM) is a useful aggregation operator which is marked by catching the interrelations of the aggregated arguments [10] [11] [12] and can be defined as follows.
then H(x 1 , x 2 ,…, x n ) is called the Heronian mean (HM) operator.
Definition 5 [11, 12] A GHM operator of dimension n is a mapping, GHM: I n ? I, so that,
where p, q C 0 and
It is easy to prove that the GHM operator has the following properties [27] .
Theorem 2 (Monotonicity) Let (x 1 , x 2 ,…, x n ) and (y 1 , y 2 ,…, y n ) be two collections of the nonnegative numbers, if x i B y i for all i = 1, 2,…, n, then
Definition 6 [13] Let p, q C 0, and x i (i = 1, 2,…, n) be a collection of nonnegative numbers. W = (w 1 , w 2 ,…, w n ) T is the weight vector of x i (i = 1, 2,…, n) and satisfies
then GWHM p,q is called the generalized weighted Heronian mean (GWHM) operator. Definition 7 [28] [29] [30] Let p, q C 0, and x i (i = 1, 2,…, n) be a collection of nonnegative numbers. W = (w 1 , w 2 ,…, w n ) T is the weight vector of x i (i = 1, 2,…, n) and satisfies w i C 0, P n i¼1 w i ¼ Similar to Theorems 1-3, it is easy to prove the IGWHM p,q operator has these properties [27] [28] [29] .
Theorem 4 (Idempotency) Let x i = x for all j = 1, 2,…, n, then
Theorem 5 (Monotonicity) Let (x 1 , x 2 ,…, x n ) and (y 1 , y 2 ,…, y n ) be two collections of the nonnegative numbers, if x j B y j for all j = 1, 2,…, n, then
In the following, we can analyze some special cases of the IGWHM operator
Further, when p = 1, there is
2. When p = 0, then
From here we see that the parameters p and q do not have the interchangeability. 3. When p = q = 1, then
Based on HM and GHM operators, Yu [14] propose the generalized geometric Heronian mean (GGHM) operator shown as follows.
Definition 8 [14] Let p, q C 0, and x i (i = 1, 2,…, n) be a collection of nonnegative numbers. If
Then GGHM p,q is called the generalized geometric Heronian mean (GGHM) operator.
Similar to GHM operator, the GGHM operator also only takes the correlations of the aggregated arguments into account and ignores their own weights.
Definition 9 [14] Let p, q C 0, and
T is the weight vector of x i (i = 1, 2,…, n) and satisfies
Then IGGWHM p,q is called the improved generalized geometric weighted Heronian mean (IGGWHM) operator.
Similar to Theorems 1-3, it is easy to prove the IGGWHM p,q operator has these properties [28] [29] [30] .
Theorem 9 (Monotonicity) Let (x 1 , x 2 ,…, x n ) and (y 1 , y 2 ,…, y n ) be two collections of the nonnegative numbers, if x i B y i for all i = 1, 2,…, n, then
In the following, we can analyze some special cases of the IGGWHM p,q operator
From here we see that IGGHM p,0 does not have any relationship with p.
Similarly, IGGHM 0,q does not have any relationship with q.
3 The single-valued neutrosophic uncertain linguistic set Definition 10 Let ½s hðxÞ ; s sðxÞ 2S, and X be the given discourse domain, then A ¼ xj½s hðxÞ ; s sðxÞ ;tðxÞ;ĩðxÞ;f ðxÞ
is called a single-valued neutrosophic uncertain linguistic set (SVNULS) where s hðxÞ ; s sðxÞ 2 S; andtðxÞ;ĩðxÞ andf ðxÞ are three sets of some single value in real unit interval [0, 1] which express the truth-membership, indeterminacy-membership, and falsity-membership function of the element x to A separately. 
Definition 11 Let
Obviously, these operational results are still the singlevalued neutrosophic uncertain linguistic numbers. 
Proof (1) Formula (38) is obviously right according to the operational rule (1) expressed by (34). (2) Formula (39) is obviously right according to the operational rule (2) expressed by (35). (3) For the left hand of (40), we havẽ
and for the right hand of (40), we have,
i.e.,
So, we have kã 1 þã 2 ð Þ¼kã 2 þ kã 1 ; k ! 0. That is, formula (40) is right. (4) Similar to the proof of (40), it is easy to prove the formula (41) is right. The proof is omitted here. (5) For the left hand of (42), we havẽ
and for the right hand of (42), we have,
So, we haveã (42) is right. (6) Similar to the proof of (42), it is easy to prove the formula (43) is right. The proof is omitted here. 
Some Heronian mean operators based on the single-valued neutrosophic uncertain linguistic variables
In this section, we will extend the IGWHM and IGGWHM operators to aggregate the single neutrosophic uncertain linguistic variables and propose a neutrosophic uncertain linguistic number improved generalized weighted Heronian mean (NULNIGWHM) operator and a neutrosophic uncertain linguistic number improved generalized geometric weighted Heronian mean (NULNIGGWHM) operator which can be described as follows.
The NULNIGWHM operator
then NULNIGWHM p,q is called the neutrosophic uncertain linguistic number improved generalized weighted Heronian mean operator. The NULNIGWHM operator has the properties, including idempotency, monotonicity, and boundedness. ;
(2) Firstly, sincet i t Ã i for all i, and p, q [ 0, then we can get and
for all i and p, q [ 0,
Thirdly, similar with the previous step, we can prove that
According to (1)- (2), we can get which complete the proof of Theorem 15.
In the following, we will discuss some special cases of the NULNIGWHM operator in regard to the parameters p and q. 
The NULNIGGWHM operator
Definition 16 Let p, q C 0, andã i ¼ h½s h i ; s s i ; ðt i ;ĩ i ;f i Þi (i = 1, 2,…, n) be a collection of single neutrosophic uncertain linguistic numbers. W = (w 1 , w 2 ,…, w n ) T is the weight vector ofã i i ¼ 1; 2; . . .; n ð Þand satisfies w i C 0,
then NULNIGGWHM p;q is called the neutrosophic uncertain linguistic number improved generalized geometric weighted Heronian mean (NULNIGGWHM) operator.
Theorem 16 Let p, q C 0, andã i ¼ h½s h i ; s s i ; ðt i ;ĩ i ;f i Þi (i = 1, 2,…, n) be a collection of the single-valued neutrosophic uncertain linguistic numbers. W = (w 1 , w 2 ,…, w n ) T is the weight vector of a i i ¼ 1; 2; . . .; n ð Þand satisfies w i C 0, P n i¼1 w i ¼ 1, then the result aggregated from Definition 16 is still a NLUN, and
The proof is similar with the Theorem 12, and it is omitted here. Similar to Theorems 13-15, it is easy to prove the NULNIGGWHM operator has the following properties. 
,…, n) be two collection of neutrosophic uncertain linguistic numbers, and if
In the following, we will discuss some special cases of the NULNIGGWHM operator in regard to the parameters p and q.
(1) When p = 0, then
(2) When q = 0, then
5 The decision-making methods based on the NULNIGWHM operator and NULNIGGWHM operator
In order to strengthen the efficiency of this decision making, we can make several experts participate in the decision making under neutrosophic uncertain linguistic environment.
Consider the MADM problems with neutrosophic uncertain linguistic information described as follows. Let A = {A 1 , A 2 ,…, A m } be a set of alternatives, and C = {C 1 , C 2 ,…, C n } be the set of attributes, and W = {w 1 , w 2 ,…, w n } be the weight vector of the attribute C j (j = 1, 2,…, n), where w j C 0, j = 1, 2,…, n, P n j¼1 w j ¼ 1. Let D = {D 1 , D 2 ,…, D t } be the set of decision makers, and k = (k 1 , k 2 , …k t )
T be the weight vector of decision makers D e (e = 1, 2,…, t), where k e C 0, with respect to attribute C j . Then, the ranking of alternatives is finally acquired.
The methods involve the following steps:
Step 1 Utilize the NULNIGWHM operator
or NULNIGGWHM operator
to get the comprehensive attribute values of each alternative for decision maker D e .
Step 2 Utilize the NULNIGWHM operator
to aggregate the evaluation values of the single decision maker to the collective comprehensive values for each alternative.
Step 3 Calculate the value E(h i ) of h i .
Step 4 Rank h i (i = 1, 2,…, m) in descending order according to the comparison method of INULNs described in Definition 14.
Step 5 End.
A numerical example
In this section, we will provide an example to illustrate the application of NULNIGWHM and NULNIGGWHM operators. Suppose that an investment company wants to invest an amount of money to a company. There are four 
The decision-making method based on NULNIGWHM operator
In this section, we will rank the alternatives of this example based on NULNIGWHM operator, and the steps are shown as follows:
Step Step 4 Rank h i (i = 1, 2,…, m) in descending order according to the comparison method of INULNs described in Definition 12.
That is, A 4 is the best choice.
The decision-making method based on NULNIGGWHM operator
In this section, we will rank the alternatives of this example based on NULNIGGWHM operator, and the steps are shown as follows.
Step 1 Step 4 0 Rank h i (i = 1, 2,…, m) in descending order according to the comparison method of INULNs described in Definition 14.
Step 5 0 End 6.3 The influences of the parameters p, q on the decision-making problem
In order to obtain the influences of the parameters p, q on this example, we will use the different values in parameters p and q and get the ranking results shown in Tables 4 and 5 . Table 4 The influences on ranking the alternatives by the different parameters p and q in NULNIGWHM operator According to the Tables 4 and 5 , the ranking results may be different for the different parameter values p, q in NULNIGWHM and NULNIGGWHM operators. In general, the best alternative should be A 4 . We can take the values of the two parameters as p = q = 1, which is not merely intuitive and simple but also takes the correlations of the aggregated arguments into consideration completely.
Conclusions
The MAGDM problems widely exist in real decision making, and the aggregation operators are the important tools in these problems. In particular, Heronian mean (HM) can catch the interrelations of the aggregated arguments. In addition, the neutrosophic uncertain linguistic set can be better to express the incomplete, indeterminate, and inconsistent information. In this paper, we proposed the neutrosophic uncertain linguistic numbers by combining neutrosophic set and uncertain linguistic variables, developed some Heronian mean operators on the basis of neutrosophic uncertain linguistic numbers, included the neutrosophic uncertain linguistic number improved generalized weighted Heronian mean (NULNIGWHM) operator and the neutrosophic uncertain linguistic number improved generalized geometric weighted Heronian mean (NUL-NIGGWHM) operator and discussed the properties of them in detail. In the meantime, we studied the some special cases in consideration of the values of p and q. Moreover, we developed two methods which have the advantages that they can take the correlations of the attributes into account fully to deal with the multi-attribute group decision making (MAGDM) problems under neutrosophic uncertain linguistic number environment. We also gave a numerical example to show the steps of the proposed methods and to discuss the influences of different values of p and q on the ranking results. In the future research, we can extend the application scopes of the proposed operators to other fields such as option of sponsors, science-technology assessment, the performance evaluation, and so on, or we can extend NM operator to single-valued neutrosophic trapezoid linguistic numbers [31] , interval neutrosophic linguistic number [32] , and refined neutrosophic numbers [33] . 
